In this paper, two efficient and powerful explicit and minimal approaches based on the HankelPadé method and Laplace Adomian decomposition method coupled with Padé approximation, respectively, are discussed and employed to obtain approximate results of similarity solutions for the magnetohydrodynamical (MHD) Falkner-Skan boundary layer flow over a permeable wall. The values of skin friction coefficients of the problem are computed with high accuracy. The presented results through tables and figures show the efficiency, reliability, and accuracy of the two presented approaches. Finally, the effects of various model parameters on the boundary layer flow are investigated graphically.
Introduction
The study of boundary layer flow due to magnetohydrodynamical (MHD) flows of viscous fluids has gained considerable interest in the last decades. The MHD viscous flows can be found in many important engineering applications in devices such as power generators, the design of heat exchanges, the cooling of reactors, MHD accelerators, and electrostatic filters [1] . Recently, the theory of the boundary layer has been successfully used and investigated to the MHD Falkner-Skan flow of viscous fluids [2, 3] . Very recently, Van Gorder and Vajravelu analyzed the existence and uniqueness results of the MHD Falkner-Skan flow [4] . Abbasbandy et al. in [5, 6] investigated this problem numerically by using Hankel-Padé method and Homotopy analysis method, respectively. In [7] , a rational Chebyshev collocation method has been successfully applied for solving the MHD Falkner-Skan flow of a Maxwell fluid. Afzal in [8] studied the Falkner-Skan problem for flow past a stretching surface with suction or blowing. Very recently, the MHD Falkner-Skan boundary layer flow over a permeable wall in the presence of a transverse magnetic field has been examined and approximate results for the similarity solutions have been obtained using the differential transform method (DTM) coupled with the Padé approximation [9] .
The boundary-layer problems often can be expressed in the form of a nonlinear two point boundary value problem with specific conditions at the two boundaries of the domain D = [0, ∞), which can not be often solved analytically and exactly in a closed form. Hence, many numerical and semi-analytical methods have been presented and applied for solving this type of equations [10 -16] .
Recently, the Adomian decomposition method [17, 18] coupled with the Laplace transformation (LADM) has been applied to a wide class of problems in physics, biology, and chemical reactions [19 -22] .
A new combination of the Laplace Adomian decomposition method and the Padé approximations (LADMPadé) [23] , has been utilized for solving some boundary layer problems which involve a boundary condition at infinity [24 -27] . In this work, the Laplace Adomian decomposition method coupled with Padé approximation will be used for solving the MHD Falkner-Skan flow over a permeable wall and the obtained results will be compared with the approximated results by the Hankel-Padé method.
The Hankel-Padé method is a very simple and efficient 'minimal' method which can be used to compute the missing value (skin friction coefficients) of the MHD Falkner-Skan flow with high accuracy. This approach was proved successfully for the treatment of two-point nonlinear equations that are useful in some fields of physics and boundary layer flow problems [5, 28 -34] .
As mentioned before, the purpose of this work is to apply two efficient techniques, LADM-Padé method and Hankel-Padé method, which are very useful tools to approximate the similarity solutions and also the skin friction coefficients of the boundary layer problems, to estimate the approximate solutions of the MHD Falkner-Skan flow over a permeable wall.
Mathematical Formulation and Discussion
As the model which is introduced in [9] , we will investigate a steady two-dimensional MHD boundary layer flow of a viscous incompressible electrically conducting fluid over a permeable wall in a magnetic field. Under some special assumptions (see [9] for more details) the governing boundary layer equations are introduced as follows:
subject to the corresponding boundary conditions
where u(x, y) and v(x, y) are the velocity components in the x-and y-directions, respectively, with the x-axis taken along the wall and the y-axis perpendicular to it. U(x) = ax m denotes the velocity of the exterior flow over the wedge, σ is the electrical conductivity, is the magnetic field. Now, if we let ψ(x, y) as the stream function and τ as a variable, then by using the transformation
we can convert (1) and (2) with the boundary conditions (3), to the following nonlinear ordinary differential equation:
with the boundary conditions
where Table 1 . Numerical values of f (0) = 2 f 2 for β = −3, C = −1, and M = 10. 
Now our interest is to solve (5) subject to the boundary conditions (6) . However, to our knowledge, considering the numerical treatment of this equation has been presented only in [9] by using the differential transform method and it's corresponding Padé approximant. Finally, by comparing our numerical results in the tables and figures with [9] , we will show the accuracy of our proposed methods. 
Formulation of Laplace Decomposition Method
The aim of this section is to present and apply an efficient 'explicit' process based on the Adomian decomposition method coupled with Laplace transform algorithm and Padé approximants to obtain similarity solutions of the third-order nonlinear ordinary differential equation (5) with boundary conditions (6) . In this 'explicit' method, an explicit candidate solution will be obtained by using a combination of Adomian decomposition method, Laplace transform algorithm, and Padé approximants where is valid in the whole semi-infinity domain. The obtained explicit candidate solution depends on the missing value f (0) (skin friction coefficient) which this missing value can be determined by imposing explicitly the infinity boundary condition. The explicit approximate solution is approximated by substituting f (0) in the candidate solution. To this end, by taking the Laplace transformation (L) on both sides of (5) and applying the boundary conditions (6), we get
In the above relation, f (0) is an unknown constant which physically describes the skin friction coefficient at the wall of the governing problem and shall be determined. Let f (0) = α, so we have
The Laplace decomposition method (see [19, 20] for more details) admits an explicit candidate solution of (5) as an infinite series given as
where the components f n (τ) can be determine by an iterative algorithm. By applying the infinite series of the so-called Adomian polynomials [17, 18] , the nonlinear terms f (τ) 2 and f (τ) f (τ) can be decomposed as
where the Adomian polynomials, A n and B n , are in the from
. The few components of the Adomian polynomials of above nonlinear terms are given as follows:
By using the above results and substituting the Adomian polynomials into (7), we get 
Now, notice that in the form of (9), a lot of works must be done to compute the the components f n (τ), hence to reduce tedious calculations, we rewrite this equation to the following equal form:
On the other hand, if we let
represent the term arising from prescribed initial conditions, then based on the modified Laplace decomposition method [35] , the function K(s) can be decomposed into three parts, i. e.
. Now for computing f n , (n ≥ 0), firstly we compare both sides of (10) and then apply the inverse Laplace transform L −1 . Then we get the following iterative algorithm:
and so on. Now in (11), firstly we get the initial term f 0 by using the inverse Laplace transform. Then by the known value of f 0 , we obtain f 1 . By continuing this process, we can find the successive terms. Then Table 3 . Numerical results for f Table 6 . Numerical results for f 
By obtaining the components f i (τ), for i = 0, 1, 2, 3, . . ., the approximate explicit candidate solution of equation can be found from (8) . The approximate analytic solution for the second iteration process is
Notice that, from (12) , it is evident that the obtained analytic solutions depend generically on α, ( f (0)). The value of α can be determined by imposing explicitly the condition at the second boundary (boundary condition at infinity). Then, the approximate solutions are obtained by substituting α in the presented solutions. On the other hand, the obtained solutions by LADM are power series in the independent variable and these solutions have not the correct behaviour at infinity according to boundary condition f (∞) = 1. Then these solutions can not be directly applied and we have to combine the series solutions, obtained by the LADM, with the Padé approximations to overcome this problem.
The LADM-Padé Approximation
In this section, we will briefly discuss the Laplace Adomian decomposition-Padé approximation. The LADM-Padé is based on the transformation of the obtained power series by LADM into a rational function or Padé as follows:
The rational function (13) 
where (14) and (15) values in the rational function (13) , an accurate approximate solution will be achieved. The obtained results by using the Hankel-Padé method will be presented in the next section.
Results and Analysis
This study considers two efficient semi-analytical methods for solving the MHD Falkner-Skan flow over a permeable wall. As mentioned before, the HankelPadé method is a very simple and efficient method which can compute the unknown missing value of the problem with high accuracy.
To assess the usability and accuracy of the HankelPadé method, in Table 1 Figure 1 , the values of
| are plotted for D = 2, . . . , 40 when β = −3, C = −1, and M = 10, showing the convergence and accuracy of the obtained value for the missing parameter. From Table 1 and Figure 1 it is evident that the result for the missing value (the skin friction coefficient) f (0) is accurate in the last digits. The approximate results for f (0) achieved by the LADMPadé and the Hankel-Padé method for some typical model parameters are presented in Tables 2 -6 . These results are compared with other available results which are computed using the differential transform method (DTM) coupled with the Padé approximation (DTMPadé) and a numerical approach based on the shooting method [9] , which show the efficiency and accuracy of the two discussed methods. From these tables it is concluded that for fixed values of β and suction or blowing parameter C the values of the skin friction coefficient f (0) will increase by increasing the values of the magnetic parameter M. In Figure 2 , the comparison between the LADM-Padé and the LADM solutions of the governing problem is performed. It is clearly observed that the LADM solution is only valid for small values of independent variable τ and the obtained series solution has a very small convergence region, but the solution coupled with Padé approximations is in very good agreement with the boundary conditions (6) . In Figures 3 -5 , the effect of variations in values of the magnetic parameter M on the behaviours of the MHD fluid flow for some typical values of β and C are presented. Also in Figures 4 and 6 , the effect of variations in values of the suction or blowing parameter C on the behaviours of the MHD fluid flow for some typical values of β and magnetic parameter M are shown.
Conclusions
In the present research, we obtain the approximate solutions of the MHD Falkner-Skan boundary layer flow over a permeable boundary wall in a transverse magnetic field by using two different methods and compare the obtained numerical results. Since this problem is a hard one and has various parameters, C, M, and β , there are not much works to consider it numerically/analytically. The similarity solution is obtained by using the Laplace Adomian decomposition method. Then, the computational results for various values of the parameters of equation are obtained by LADM-Padé and Hankel-Padé approximations. The convergence and accuracy of LADM-Padé are obvious from the tables and figures. From the presented results it is evident that both approaches are very applicable and can be developed and used for similar problems. Nevertheless, the obtained results by using the HankelPadé method are more accurate than the computed results using the LADM-Padé. The Hankel-Padé method is easy to compute and run and gives very good computational results with high accuracy with a little of computational work. It is evident that to deal with the proposed model (5) the Hankel-Padé method is more efficient than LADM-Padé.
